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A Bit of History The discussion in Section 2.4 leads

directly to a more analytical approach to trigonometry where

the cosine and sine are defined as the x- and y-coordinates,

respectively, of a point (x, y) on a unit circle. It is this inter-

pretation of the sine and cosine that enables us to define the

trigonometric functions of a real number instead of an angle.

It is this last approach to trigonometry that is used in calculus

and in advanced applications of trigonometry. Moreover, a

trigonometric function of a real number can then be graphed

as we would an ordinary function where the vari-

able x represents a real number in the domain of f.

From a historical viewpoint, it is not known who made

this important leap from sines and cosines of angles to sines and

cosines of real numbers.

y 5 f (x),

3 Unit Circle Trigonometry

123

The shape of a plucked guitar string,
fixed at both ends, can be described by
trigonometric functions of a real variable.
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124 CHAPTER 3 UNIT CIRCLE TRIGONOMETRY

3.1

Introduction In Chapter 2 we considered trigonometric functions of angles
measured either in degrees or in radians. For calculus and the sciences it is necessary
to consider trigonometric functions whose domains consist of real numbers rather than
angles. The transition from angles to real numbers is made by recognizing that to each
real number t, there corresponds an angle of measure t radians. As we see next, this
correspondence can be visualized using a circle with radius 1 centered at the origin in
a rectangular coordinate system. This circle is called the unit circle. From Section 1.3
it follows that the equation of the unit circle is In this section the focus will
be on the sine and cosine functions. The other four trigonometric functions will be con-
sidered in detail in Section 3.3.

We now consider a central angle t in standard position; that is, an angle with its vertex
at the center of a circle and initial side coinciding with the positive x-axis. From the
definition of radian measure, (3) of Section 2.1, the angle t is defined to be the
ratio of the subtended arc of length s to the radius r of the circle. For the unit circle
shown in FIGURE 3.1.1, , and so or In other words:

• On a unit circle, the radian measure of an angle of t radians is equal to the
measure t of the subtended arc.

It follows that for each real number t, the terminal side of an angle of t radians in standard
position has traversed a distance of units along the circumference of the unit circle—
counterclockwise if , clockwise if This association of each real number t
with an angle of t radians is illustrated in FIGURE 3.1.2.

t , 0.t . 0
0 t 0

t 5 s.t 5 s/1r 5 1

t 5 s/r,

x2 1 y2 5 1.

The Circular Functions

DEFINITION 3.1.1 Values of the Trigonometric Functions

The value of a trigonometric function at a real number t is defined to be its value at
an angle of t radians, provided that value exists.

x2 + y2 =1

Arc
  length
    tt radians

x

y

1

t radians

x

y

(1, 0)

unitst

(a)  t ≥ 0
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unitst

(b)  t < 0

FIGURE 3.1.1 Unit circle

FIGURE 3.1.2 Angle of t radians subtends an arc of length units0 t 0

Trigonometric Functions of Real Numbers We are now in a position to define
trigonometric functions of a real number. Before proceeding we need the following
important definition.

06046_CH03_123-178.QXP  11/2/10  11:36 AM  Page 124



3.1 The Circular Functions 125

For example, the sine of the real number is simply the sine of
the angle radian that, as we know, is Thus there is really nothing new in evaluat-
ing the trigonometric functions of a real number.

The unit circle is very helpful in describing the trigonometric functions of real num-
bers. If P(t) denotes the point of intersection of the terminal side of the angle t with the
unit circle and P(x, y) are the rectangular coordinates of this point, then from
(2) of Section 2.4 we have

These definitions, along with the definitions of the remaining four trigonometric
functions, are summarized next.

sin t 5
y
r

5
y

1
5 y and cos t 5

x
r

5
x

1
5 x.

x2 1 y2 5 1

1
2.p/6

p/6 5 0.62359 . . . 

DEFINITION 3.1.2 Trigonometric Functions

Let t be any real number and be the point of intersection on the unit
circle with the terminal side of the angle of t radians in standard position. Then the
six trigonometric functions of the real number t are

(1)

 sec t 5
1
x
  csc t 5

1
y

.

 tan t 5
y
x
  cot t 5

x
y

 sin t 5 y  cos t 5 x

P(t) 5 P(x, y)

x

x2 + y2 = 1

(1, 0)cos t

sin tt

P(x, y) = P(t)
            = (cos t, sin t)

y

From the first line in (1) of Definition 3.1.2 we see immediately that

• For any real number t, the cosine and sine of t are the x- and y-coordinates,
respectively, of the point P of intersection of the terminal side of the angle of t
radians (in standard position) with the unit circle.

See FIGURE 3.1.3.
As we will soon see, a number of important properties of the sine and cosine

functions can be obtained from this result. Because of the role played by the unit circle
in this discussion, the trigonometric functions (1) are often referred to as the circular
functions.

A number of properties of the sine and cosine functions follow from the fact that
lies on the unit circle. For instance, the coordinates of P(t) must

satisfy the equation of the circle:

Substituting and into the foregoing equation gives the familiar result
This relationship between the sine and cosine functions is the most

fundamental of trigonometric identities, the Pythagorean identity. Bear in mind this
identity is not just valid for angles as discussed in Sections 2.2 and 2.4; we see now that
it is valid for all real numbers t.

cos2 t 1 sin2 t 5 1.
y 5 sin tx 5 cos t

x2 1 y2 5 1.

P(t) 5 (cos t, sin t)

FIGURE 3.1.3 Coordinates of P(t) are
(cos t, sin t)

THEOREM 3.1.1 Pythagorean Identity

For all real numbers t,

(2)sin2 t 1 cos2 t 5 1.
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Bounds on the Values of Sine and Cosine A number of properties of the sine
and cosine functions follow from the fact that lies on the unit circle.
For instance, it follows that

Since and the foregoing inequalities are equivalent to

(3)

The inequalities in (3) can also be expressed using absolute values as and
Thus, for example, there is no real number t for which 

Domain and Range The observations in (3) indicate that both and can
be any number in the interval Thus we have the sine and cosine functions,

respectively, each with domain the set R of all real numbers and range the interval
The domains and ranges of the other four trigonometric functions will be dis-

cussed in Section 3.3.

Signs of the Circular Functions The signs of the function values and 
are determined by the quadrant in which the point P(t) lies, and conversely. For example,
if and are both negative, then the point P(t) and terminal side of the corre-
sponding angle of t radians must lie in quadrant III. FIGURE 3.1.4 displays the signs of the
cosine and sine functions in each of the four quadrants.

Sine and Cosine of a Real Number

Use a calculator to approximate and and give a geometric interpretation of
these values.

Solution From a calculator set in radian mode, we obtain and
These values represent the x and y coordinates, respectively, of the

point of intersection P(3) of the terminal side of the angle of 3 radians in standard
position, with the unit circle. As shown in FIGURE 3.1.5, this point lies in the second
quadrant because This would also be expected in view of Figure 3.1.4
since the x-coordinate, is negative and sin 3, the y-coordinate, is positive.

Periodicity In Section 2.1 we saw that the angles of t radians and radians
are coterminal. Thus they determine the same point P(x, y) on the unit circle. Therefore

(4)

In other words, the sine and cosine functions repeat their values every units. It also
follows that for any integer n:

(5) cos(t 1 2np) 5 cos t.
 sin(t 1 2np) 5 sin t

2p

sin t 5 sin(t 6 2p)  and  cos t 5 cos(t 6 2p).

t 6 2p

cos 3,
p/2 , 3 , p.

sin 3 < 0.1411200.
cos 3 < 20.9899925

cos 3sin 3

EXAMPLE 1

cos tsin t

cos tsin t

[21, 1].

f (t) 5 sin t  and  g(t) 5 cos t,

[21, 1].
sin tcos t

sin t 5 3
2.0 sin t 0 # 1.

0 cos t 0 # 1

21 # cos t # 1  and  21 # sin t # 1.

y 5 sin t,x 5 cos t

21 # x # 1  and  21 # y # 1.

P(t) 5 P(x, y)

II

III IV

I

y

x
(–1, 0) (1, 0)

(0, –1)

(0, 1)

sin t > 0
cos t < 0

sin t > 0
cos t > 0

sin t < 0
cos t < 0

sin t < 0
cos t > 0

FIGURE 3.1.4 Algebraic signs of sin t
and cos t in the four quadrants

3 radiansP(3) = (cos 3, sin 3)

y

x
(1, 0)

FIGURE 3.1.5 The point P(3) in
Example 1

DEFINITION 3.1.3 Periodic Functions

A nonconstant function f is said to be periodic if there is a positive number p such that

(6)

for every t in the domain of f. If p is the smallest positive number for which (6) is
true, then p is called the period of the function f.

f (t) 5 f (t 1 p)
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