
7.1 LANGUAGES, GRAMMARS, AND PARSING

ε

ε

εx = xε = x

All nonassociative binary infix operators associate from left to right except ∗∗, #, and
⇒, which associate from right to left.
The operators on lines (j), (l), and (m) may have a slash / through them to denote

negation—e.g. b #≡ c is an abbreviation for ¬(b ≡ c).

SOME BASIC TYPES

Name Symbol Type (set of values)
integer Z integers: . . . ,−3,−2,−1, 0, 1, 2, 3, . . .

nat N natural numbers: 0, 1, 2, . . .

positive Z+ positive integers: 1, 2, 3, . . .

negative Z− negative integers: −1,−2,−3, . . .

rational Q rational numbers: i/j for i, j integers, j #= 0
reals R real numbers
positive reals R+ positive real numbers
bool B booleans: true, false

THEOREMS OF THE PROPOSITIONAL CALCULUS

Equivalence and true.
(3.1) Axiom, Associativity of ≡ : ((p ≡ q) ≡ r) ≡ (p ≡ (q ≡ r))
(3.2) Axiom, Symmetry of ≡ : p ≡ q ≡ q ≡ p

(3.3) Axiom, Identity of ≡ : true ≡ q ≡ q

(3.4) true

(3.5) Reflexivity of ≡ : p ≡ p

Negation, inequivalence, and false.
(3.8) Axiom, Definition of false : false ≡ ¬true

(3.9) Axiom, Distributivity of ¬ over ≡ : ¬(p ≡ q) ≡ ¬p ≡ q

(3.10) Axiom, Definition of #≡ : (p #≡ q) ≡ ¬(p ≡ q)
(3.11) ¬p ≡ q ≡ p ≡ ¬q

(3.12) Double negation: ¬¬p ≡ p

(3.13) Negation of false: ¬false ≡ true

(3.14) (p #≡ q) ≡ ¬p ≡ q

(3.15) ¬p ≡ p ≡ false

(3.16) Symmetry of #≡ : (p #≡ q) ≡ (q #≡ p)
(3.17) Associativity of #≡ : ((p #≡ q) #≡ r) ≡ (p #≡ (q #≡ r))
(3.18) Mutual associativity: ((p #≡ q) ≡ r) ≡ (p #≡ (q ≡ r))
(3.19) Mutual interchangeability: p #≡ q ≡ r ≡ p ≡ q #≡ r
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