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A Bit of History If the question “What is the most

important mathematical concept?” were posed to a group of

mathematicians, mathematics teachers, and scientists, cer-

tainly the term function would appear near or even at the top

of the list of their responses. In Chapters 3 and 4, we will focus

primarily on the definition and the graphical interpretation of

a function.

The word function was probably introduced by the German

mathematician and “co-inventor” of calculus, Gottfried

Wilhelm Leibniz (1646–1716), in the late seventeenth century

and stems from the Latin word functo, meaning to act or per-

form. In the seventeenth and eighteenth centuries, mathe-

maticians had only the most intuitive notion of a function. To

many of them, a functional relationship between two variables

was given by some smooth curve or by an equation involving

the two variables. Although formulas and equations play an

important role in the study of functions, we will see in Section

3.1 that the “modern” interpretation of a function (dating from

the middle of the nineteenth century) is that of a special type

of correspondence between the elements of two sets.

3 Functions and Graphs

155

The correspondence between the students
in a class and the set of desks filled by these
students is an example of a function.
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156 CHAPTER 3 FUNCTIONS AND GRAPHS

3.1

Introduction Using the objects and the persons around us, it is easy to make up
a rule of correspondence that associates, or pairs, the members, or elements, of one set
with the members of another set. For example, to each social security number there is
a person, to each car registered in the state of California there is a license plate number,
to each book there corresponds at least one author, to each state there is a governor, and
so on. A natural correspondence occurs between a set of 20 students and a set of, say,
25 desks in a classroom when each student selects and sits in a different desk. In
mathematics we are interested in a special type of correspondence, a single-valued
correspondence, called a function.

Functions and Graphs

DEFINITION 3.1.1 Function

A function from a set X to a set Y is a rule of correspondence that assigns to each
element x in X exactly one element y in Y.

In the student/desk correspondence above suppose the set of 20 students is the set
X and the set of 25 desks is the set Y. This correspondence is a function from the set X
to the set Y provided no student sits in two desks at the same time.

Terminology A function is usually denoted by a letter such as f, g, or h. We can
then represent a function f from a set X to a set Y by the notation The set X is
called the domain of f. The set of corresponding elements y in the set Y is called the range
of the function. For our student/desk function, the set of students is the domain and the
set of 20 desks actually occupied by the students constitutes the range. Notice that the
range of f need not be the entire set Y. The unique element y in the range that corre-
sponds to a selected element x in the domain X is called the value of the function at x,
or the image of x, and is written The latter symbol is read “f of x” or “f at x,” and
we write See FIGURE 3.1.1. In many texts, x is also called the input of the func-
tion f and the value f(x) is called the output of f. Since the value of y depends on the choice
of x, y is called the dependent variable; x is called the independent variable. Unless
otherwise stated, we will assume hereafter that the sets X and Y consist of real numbers.

The Squaring Function

The rule for squaring a real number is given by the equation or The
values of f at and are obtained by replacing x, in turn, by the num-
bers –5 and 

Occasionally for emphasis we will write a function using parentheses in place of
the symbol x. For example, we can write the squaring function as

(1)

This illustrates the fact that x is a placeholder for any number in the domain of the func-
tion Thus, if we wish to evaluate (1) at, say, , where h represents a real
number, we put into the parentheses and carry out the appropriate algebra:

f (3 1 h) 5 (3 1 h)2 5 9 1 6h 1 h2.

3 1 h
3 1 hy 5 f (x).

f (  ) 5 (   )2.

f (x) 5 x2

f (25) 5 (25)2 5 25 and f  (!7) 5 (!7 )2 5 7.

!7:
x 5 !7x 5 25

f (x) 5 x2.y 5 x2

EXAMPLE 1

y 5 f (x).
f (x).

f : X S Y.
The set Y is not necessarily
the range

f

f (x)x

X Y

Domain Range

FIGURE 3.1.1 Domain and range of a
function f

See (3) of Section R.6.
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3.1 Functions and Graphs 157

If a function f is defined by means of a formula or an equation, then typically the
domain of is not expressly stated. We will see that we can usually deduce
the domain of either from the structure of the equation or from the context
of the problem.

Domain and Range

In Example 1, since any real number x can be squared and the result is another real
number, is a function from R to R, that is, In other words, the
domain of f is the set R of real numbers. Using interval notation, we also write the
domain as The range of f is the set of nonnegative real numbers or ; this
follows from the fact that for every real number x.

Domain of a Function As mentioned earlier, the domain of a function 
that is defined by a formula is usually not specified. Unless stated or implied to the con-
trary, it is understood that

The domain of a function f is the largest subset of the set of real numbers for
which f(x) is a real number.

This set is sometimes referred to as the implicit domain of the function. For exam-
ple, we cannot compute for the reciprocal function since is not
a real number. In this case we say that f is undefined at . Since every nonzero
real number has a reciprocal, the domain of is the set of real numbers
except 0. By the same reasoning, the function is not defined at
either or and so its domain is the set of real numbers with the num-
bers and 2 excluded. The square root function is not defined at 
because is not a real number. In order for to be defined in the
real number system we must require the radicand, in this case simply x, to be non-
negative. From the inequality we see that the domain of the function h is the
interval 

Domain and Range

Determine the domain and range of 

Solution The radicand must be nonnegative. By solving the inequality 
we get and so the domain of f is Now, since the symbol denotes
the principal square root of a number, for and consequently

The smallest value of occurs at and is 
Moreover, because and increase as x takes on increasingly larger values,
we conclude that Consequently the range of f is 

Domain of f

Determine the domain of 

Solution As in Example 3, the expression under the radical symbol—the radicand—
must be nonnegative; that is, the domain of f is the set of real numbers x for which

We have already solved the last inequality
by means of a sign chart in Example 1 of Section 1.7. The solution set of the inequality

is the domain of f.(2`, 25] x [3, ` )

x2 1 2x 2 15 $ 0 or (x 2 3)(x 1 5) $ 0.

f (x) 5 "x2 1 2x 2 15.

EXAMPLE 4

[4, ` ).y $ 4.
!x 2 3x 2 3

f (3) 5 4 1 !0 5 4.x 5 3f (x)4 1 !x 2 3 $ 4.
x $ 3!x 2 3 $ 0

!  [3, ` ).x $ 3,
x 2 3 $ 0x 2 3

f (x) 5 4 1 !x 2 3.

EXAMPLE 3

[0, ` ).
x $ 0

h(x) 5 !x!21
x 5 21h(x) 5 !x22

x 5 2,x 5 22
g(x) 5 1/(x2 2 4)

f (x) 5 1/x
x 5 0

1/0f (x) 5 1/xf (0)

y 5 f (x)

x2 $ 0
[0, ` )(2`, ` ).

f: R S R.f (x) 5 x2
x2

EXAMPLE 2

y 5 f (x)
y 5 f (x)

See Section R.4.

54617_CH03_155-224.QXP  10/13/10  9:36 AM  Page 157



158 CHAPTER 3 FUNCTIONS AND GRAPHS

Domains of Two Functions

Determine the domain of (a) and (b)

Solution A function that is given by a fractional expression is not defined at the
x-values for which its denominator is equal to 0.

(a) The expression under the radical is the same as in Example 4. Since
is in the denominator we must have This excludes and

In addition, since appears under a radical, we must have
for all other values of x. Thus the domain of the function g is the union

of two open intervals 

(b) Since the denominator of factors, , we see
that for and In contrast to the function in part (a),
these are the only numbers for which h is not defined. Hence, the domain of the func-
tion h is the set of real numbers with and excluded.                                 

Using interval notation, the domain of the function h in part (b) of Example 5 can
be written as

As an alternative to this ungainly union of disjoint intervals, this domain can also be writ-
ten using set-builder notation as .

Graphs A function is often used to describe phenomena in fields such as science,
engineering, and business. In order to interpret and utilize data, it is useful to display
this data in the form of a graph. The graph of a function f is the graph of the set of
ordered pairs where x is in the domain of f. In the xy-plane an ordered pair

is a point, so that the graph of a function is a set of points. If a function is
defined by an equation then the graph of f is the graph of the equation. To
obtain points on the graph of an equation we judiciously choose numbers

in its domain, compute , plot the corresponding
points and then connect these points with a curve.
See FIGURE 3.1.2. Keep in mind that

• a value of x is a directed distance from the y-axis, and
• a function value is a directed distance from the x-axis.

End Behavior A word about the figures in this text is in order. With a few excep-
tions, it is usually impossible to display the complete graph of a function, and so we often
display only the more important features of the graph. In FIGURE 3.1.3(a), notice that the
graph goes down on its left and right sides. Unless indicated to the contrary, we may
assume that there are no major surprises beyond what we have shown and the graph sim-
ply continues in the manner indicated. The graph in Figure 3.1.3(a) indicates the so-called
end behavior or global behavior of the function: For a point on the graph, the val-
ues of the y-coordinate become unbounded in magnitude in the downward or negative
direction as the x-coordinate becomes unbounded in magnitude in both the negative and
positive directions on the number line. It is convenient to describe this end behavior using
the symbols

(2)

The arrow symbol in (2) is read “approaches.” Thus, for example, 
is read “y approaches negative infinity as x approaches infinity.”

y S 2` as x S `S

y S 2` as x S 2` and y S 2` as x S `.

(x, y)

f (x)

(x1, f (x1)), (x2,  f (x2)), (x3, f (x3)), . . .
f (x1), f (x2), f (x3), . . .x1, x2, x3, . . .

y 5 f (x),
y 5 f (x),

(x, f (x))
(x, f (x)),

5x 0  x real, x 2 21  and x 2 46

(2` , 21) x (21, 4) x (4, ` ).

x 5 4x 5 21

x 5 4.x 5 21(x 1 1)(x 2 4) 5 0
x2 2 3x 2 4 5 (x 1 1)(x 2 4)h(x)

(2` ,25) x (3,` ).
x2 1 2x 2 15 . 0

x2 1 2x 2 15x 5 3.
x 5 25x2 1 2x 2 15 2 0.

x2 1 2x 2 15

h(x) 5
5x

x2 2 3x 2 4
.g(x) 5

1

"x2 1 2x 2 15

EXAMPLE 5

y

x

(x1, f (x1))

(x2, f (x2))

(x3, f (x3))

x3x1 x2

f (x1)
f (x2)

f (x3)

FIGURE 3.1.2 Points on the graph of
an equation y 5 f (x)
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3.1 Functions and Graphs 159

More will be said about this concept of global behavior in Chapter 4. If a graph ter-
minates at either its right or left end, we will indicate this by a dot when clarity demands
it. See FIGURE 3.1.4. We will use a solid dot to represent the fact that the endpoint is included
on the graph and an open dot to signify that the endpoint is not included on the graph.

Vertical Line Test From the definition of a function we know that for each x in
the domain of f there corresponds only one value in the range. This means a ver-
tical line that intersects the graph of a function (this is equivalent to choos-
ing an x) can do so in at most one point. Conversely, if every vertical line that intersects
a graph of an equation does so in at most one point, then the graph is the graph of a func-
tion. The last statement is called the vertical line test for a function. See Figure 3.1.3(a).
On the other hand, if some vertical line intersects a graph of an equation more than once,
then the graph is not that of a function. See Figures 3.1.3(b) and 3.1.3(c). When a ver-
tical line intersects a graph in several points, the same number x corresponds to different
values of y in contradiction to the definition of a function.

If you have an accurate graph of a function , it is often possible to see the
domain and range of f. In Figure 3.1.4 assume that the colored curve is the entire, or com-
plete, graph of some function f. The domain of f then is the interval on the x-axis
and the range is the interval on the y-axis.

Example 3 Revisited

From the graph of given in FIGURE 3.1.5, we can see that the domain
and range of f are, respectively, and This agrees with the results in
Example 3.

As shown in Figure 3.1.3(b), a circle is not the graph of a function. Actually, an
equation such as defines (at least) two functions of x. If we solve this 

equation for y in terms of x we get Because of the single-valued 

convention for the symbol, both equations and 
define functions. As we saw in Section 2.2, the first equation defines an upper semicircle
and the second defines a lower semicircle. From the graphs shown in FIGURE 3.1.6,

y 5 2"9 2 x2y 5 "9 2 x2!  

y 5 6"9 2 x2.

x2 1 y2 5 9

[4, ` ).[3, ` )
f (x) 5 4 1 !x 2 3

EXAMPLE 6

[c, d]
[a, b]

y 5 f (x)

y 5 f (x)
f (x)

y

x

y

x

y

x

(a) Function (b) Not a function (c) Not a function

FIGURE 3.1.3 Vertical line test

a

c

d

b

Range
of f

Domain
of f

y = f(x)

y

x

FIGURE 3.1.4 Domain and range 
interpreted graphically

FIGURE 3.1.5 Graph of function f in
Example 6

y

x

y = √9 – x2 y

x

y = – √9 – x2

(a) Upper semicircle (b) Lower semicircle

FIGURE 3.1.6 These semicircles are graphs of functions

y

x

(3, 4)

y = 4 + √x – 3
Range of f
is [4, ∞)

Domain of f
is [3, ∞)
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