Chapter 9

Applications of Homotopy

In Section 8.2 we showed that the fundamental group can be used to show that two
spaces are not homeomorphic. In this chapter we exhibit other uses of the fundamen-
tal group.

9.1 Inessential Maps

The purpose of this section is to show that if the continuous function h: X — Y is
homotopic to a constant map, then the induced homomorphism h, is the zero
homomorphism.

Definition. Let (X, J) and (Y, %) be topological spaces, and let h: X — Y be a con-
tinuous function. Then h is inessential if it is homotopic to a constant map, and h is
essential if it is not inessential. H

The following theorem gives a characterization of certain inessential functions
in terms of the extension property.

THEOREM 9.1. Let (X, ) be a topological space, and let h: S' — X be a contin-
uous function. Then the following are equivalent.

(a) his inessential.

(b) hcan be extended to a continuous function f: B> — X.

Proof. (a) — (b). Suppose h is inessential. Then there is a point x; € X and a con-
tinuous function H: S! X I — X such that H(x, 0) = h(x) and H(x, 1) = x, for all
x € Sl Define G: S! X I = B2byG(x, t) = (1 — t)xforall (x,t) € S! X . Then G
is continuous, G‘SIX[OY 1) is a one-to-one-function that maps S' X [0, 1) onto

B2 — {(0,0)}, and G(x, 1) = (0, 0) for all x € S!. Since S' X I is compact and B? is
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Hausdorff, G is closed (see Theorem 4.21). Therefore by Theorem 2.55, G is a quo-
tient map.

Define f: B2 — X by f((0,0)) = x, and f(x) = H(G™!(x) if x # (0,0). Then
foG =H, and, by Theorem 2.59, f is continuous. If x € S' C B?, then
f(x) = H(G™X(x)) = h(x), and therefore f is an extension of h.

(b) — (a) Suppose h can be extended to a continuous function f: B = X.
Define H:S' X 1 — X by H(x,t) = f((1 — t)x). Then H is continuous and
H(x, 0) = f(x) = h(x) and H(x, 1) = f(0) for all x € S!. Therefore h is homotopic to
a constant map. ll

The following theorem provides a condition for the induced homomorphism to
be the zero homomorphism.

THEOREM 9.2. Let (Y, %) be a topological space, and let h: S' = Y be an
inessential function. Then h, is the zero homomorphism.

Proof. By Theorem 9.1, h has a continuous extension f: B2 = Y. Let j: S' — B2 be
the inclusion map. Then feoj = h. Let sy, € S!and let y, = h(sp). Then, by Theorem
8.12, the following diagram commutes; that is f, ©j, = h,.

h
m (S sy - ™ (X, yp)

2
m (B, 5)

Since (B2, so) is the trivial group, j, is the zero homomorphism. Therefore
f.°j. = h, is the zero homomorphism. H

The following theorem generalizes Theorem 9.2.

THEOREM 9.3. Let (X, J) and (Y, U) be topological spaces, and let h: X — Y be
an inessential function. Then h, is the zero homomorphism.

Proof. Let x; € X and let @ be a loop in X at x,. Define o:1 — S' by
o(x) = (cos2yx, sin 27x) for each x € I. Define k: S' — X by k(x) = a(o~(x)) for
each x € S! In Exercise 2, you are asked to prove that k is a continuous function.
Since h is inessential, there exists y5 € Y and a continuous function H: X X I — Y
such that H(x, 0) = h(x) and H(x, 1) = y, for all x € X. Define F: S' X I = Y by
F(x,t) = H(k(x),t). Then F is continuous, F(x, 0) = H(k(x),0) = (h o k)(x) and
F(x, 1) = H(k(x),1) = y, for all x € S'. By Theorem 9.2, (h © k), is the zero homo-
morphism. Therefore h,([a]) = [hea] = [hekea] = (heok),([g]) =0. 1
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EXERCISES 9.1

1. Without using Theorem 2.59, prove that the function f defined in the proof
of Theorem 9.1 is continuous.

2. Let (X, ) be a topological space, let x; € X, let @ be a loop in X at x;, define
o:1 =S by o(x) = (cos 27x, sin 27rx), and define k:S' —= X by
k(x) = a(o1(x)) for each x e S!. Prove that k is continuous.

3. Let (X, ) be a topological space, let h: S! — X be a continuous function,
define o:1— S' by o(x) = (cos 2mx, sin 27x), let « = heoo, and let
xo = a(0) = a(l).

(a) Prove that there is a continuous function H:I X I — X such that
H(x,0) = a(x), H(x, 1) = x, for all x e I and H(O, t) = H(1,t) = x,
forallt e L.

(b) Prove that there is a continuous function F:S! X I — X such that
F(o(x),t) = H(x, t) forall (x,t) e I X I.

(c) Prove that if h, is the zero homomorphism, then h is inessential.

4. Letm,n € N. A continuous function h: S™ — S" is antipode-preserving if
h(—x) = —h(x) for each x € S™. Let h: S' — S! be an antipode-preserving
function. Consider the members of S' to be complex numbers and define

p: St = Slby p(z) = 22

(a) Prove that there is a continuous function g S'— S! such that

peh=gep.
(b) Let x € S! and let a:1 — S' be a path such that «(0) = x and
a(1) = —x. Prove that p © a is a loop in S! that is not path homotopic to

a constant function.
(c) Show that the homomorphisms p, and g, are one-to-one.

(d) Prove that h is essential.
5. Prove that there is no antipode-preserving function h: S — S'.

6. Let (X,7) be a pathwise connected space and let x, € X. Show that
(X, x,) is the trivial group if and only if every continuous function
h: S' — X is inessential.

9.2 The Fundamental Theorem of Algebra

The Fundamental Theorem of Algebra says that if n € N, then every polynomial
equation of degree n with complex coefficients has at least one solution in the set of
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complex numbers. This theorem is difficult to prove, and most proofs involve nonal-
gebraic concepts. We give a proof that uses the material we developed in Chapter 8
and Section 9.1.

THEOREM 9.4. Let n € N and let x" + a,_;x* " ' + -~ +ax+a,=0 be a
polynomial equation of degree n with complex coefficients. Then this equation has
at least one solution in the set of complex numbers.

Proof. We consider the members of S! to be complex numbers and define a continuous
function f: S' = S!' by f(z) = 2 Let s, = (1, 0) and consider the induced homomor-
phism f,: m(SY, so) = 7(S}, 5p). Define o: 1 — S! by o(x) = (cos 27rx, sin 27x)
= ¢ Then f,([o]) = [f° o] € m(S', 1,0)). Since (f o o)(0) = (1, 0), the unique
path « : I = R given by Theorem 8.15 is the path defined by g(x) = nx. Let p: R — S!
be the standard covering map defined by p(x) = (cos 27, sin 27rx) (see Section 8.3).
Thenpea = fo o, sodeg (fo o) = n. From the proof that 7r;(S', 1, 0)) is isomorphic
to the group of integers (Theorem 8.18), we see that [f o o] is not the identity element
of m (S, (1, 0)). Therefore f, is not the zero homomorphism.
First we show that we may assume that |a, | + |a,_| + - + |a| < 1. We let ¢
be a positive real number and substitute x = cy in the given polynomial equation to
obtain the equation

()" + @,y (cy)"™ "+ =+ aley) + a9 =0
or '+ (@, /)y A 4 (a/ch )y 4 ayet = 0.

Now choose ¢ large enough so that |a,_/c| + |a,_o/c¥ + - + |aycr~!| +
lag/c"| < 1. Then if yo is a solution of y* + (a,_/c)y" ™! + = + (a/c* ")y + ag/c® =
0, x = cyp is a solution of x* + a,_1x"~! + - + a;x + ay = 0. Therefore it is suffi-
cient to show that y* + (a,_/c)y* ! + ~+ + (a/c* 1)y + ay/c® = 0 has a solution.
This means that in the given polynomial equation, we may assume that
@] + o + o+ lad < 1.

The proof that the given polynomial equation has a solution in B? is by contradic-
tion. Suppose x" + a,_x""! + - + a;x + ay = 0 has no solution in B2. Then there
is a continuous function q:B?— R?—1{(0,0)} defined by gq(z) =
a2+ + agz + oag Letr: ST — R? — {(0, 0)} be the restriction of q to S'.
Then g: B — R? — {(0, 0)} is an extension of r. So, by Theorem 9.1, r is inessential.

We arrive at a contradiction by showing that r is homotopic to a continuous
function that is essential. Define k: S' — R? — {(0, 0)} by k(z) = #*, and define
H:S' XTI —R?—{(0,0)} by H(zt) =2z2"+ tla,_2" '+ a,_,2" "2 + = + ay).
Note H(x, t) # (0, 0) for (x, t) € S! X I because

Hx, 0] = ]~ |e(a,_ ! + ay_y2* 2 + = + a
=1 = a2 ! + a0 + -+ a))

I t(|an71| + ‘an—z‘ + o+ |ao|) > 0.
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We complete the proof by showing that k is essential. Note that k = j o f, where
j: St = R? — {(0, 0)} is the inclusion map, so k, = j, © f,. Since the fundamental
group of S! is isomorphic to the group of integers, f, is essentially the homomorphism
that takes an integer a into the product na. Furthermore j, is an isomorphism (see
Example 9 of Chapter 8). Therefore k., is not the zero homomorphism. By Theorem
9.2, k is essential.

EXERCISES 9.2

1. Find a real number r such that x” + x> + x> + x* + 1 = 0 has a solution in
{(x,y) € R:x? + 42 =¢34}

9.3 Homotopic Maps

We have already seen that if (X, xp) and (Y, yo) are topological pairs that have the
same homotopy type, then (X, xp) and (Y, y,) are isomorphic. In this section we
show that homotopic maps induce the same homomorphisms on the fundamental
groups provided the base point remains fixed during the homotopy, and we give a
condition on a continuous function mapping a compact space into S?, which ensures
that the continuous function is inessential.

Let (X, 7) be a topological space, let xo, x; € X, and let o be a path in X from
xo to x;. We let 0,: m(X, x9) = (X, x;) be the function defined in the proof of
Theorem 8.9; that is 0,([a]) = [(c * a) * g]. As shown in the proof of Theorem 8.9,

0, is an isomorphism.

THEOREM 9.5. Let (X,J) and (Y,%) be topological spaces, let
xo € X, let h, k: X = Y be continuous functions such that h = k, and let y5 = h(xo)
and y; = k(x;). Then:

(a) thereisapath oinY from y, toy; such thath, = 6, ° k,.

(b) If HHX X I =Y is a continuous function such that H(x, 0) = h(x) and
H(x, 1) = k(x) forall x € X and H(xp,t) =y, =17y, for all t €I, then
h, =k,.

Proof. (a) Let H:XXI—Y be a continuous function such that
H(x,0) = h(x) and H(x, 1) = k(x) for all x € X. Define o:1 — Ybyo(t) =
H(xo, t) forall t € I. Then o is a path from y, to vy;.

Let [y] € m(X, x;). For each t € I, define «,, B:1 — Y by a,(s) = o(ts) and
B.(s) = H(y(s), t) foreach s € I. Then foreacht € I,

a(1) = o(t) = H(x,, t) = H(¥(0), t) = B,(0),
and B1) = H(y(1),t) = H(xo, t) = o(t) = a,(1) = a,(0).
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Therefore for each tel, (a,*B,) *a, is defined. Since ay(s) = o(0) =
H(xp, 0) = h(xp) = 30, Bo(s) = H(¥(5),0) = (h°y)(s), and a,(s) = ap(l —s) =
0(0) = yoforeach s € I, and (ap * Bp) * ag = (ey, * (hoy)) * ey, whereey: [ - Y
is the constant function defined by e, (t) =y, for each te I Since
(ey, # (hoy)) # ey =, hoy, (ag* Bo) * ag=,hey. Since a(s) = o(s), Bi(s) =
H(y(s), 1) = (ko y)(s), and a(s) = a;(1 —s) = o(l —s) = a(s) for each
sela;xB) xay = (0 (key))xa
Define F: 1 X I — Y by
o (4st), 0=ss=4,0=t=1
F(s,t) = {H(y(4s — 1),1), $=s=530=t=1
a(2t(1 = s)), iI=s=1,0=t=1
Then F is continuous,
o(4s), 0
F(s, 1) = {H(y(4s — 1), 1), ;
a(2(1 —s)), 3
a(4s), 0=s=j
={(key)ds— 1), j=s=3= (o (keoy)*a)(s)
a(2s — 1), I=s=1

and

=s=}
F(s,0) = {H(y(4s — 1),0), ;=s=3
I=s=1

a(0), 0=
=jhends = 1), §=s
a(0), i =

Now (e, # (hoy) # e, =, (hoy). Thercfore  h.(I7)) = [hey] = (0 *

(key)) ol = 0,(keyl) = ( ok )(vD).
(b) Suppose H(xy, t) = yo = vy; forallt € I. Then o is the constant path, so

h, =6,k =k. M

We conclude this section by proving a theorem (Theorem 9.7) that will be used
in the next section. Intuitively this theorem says that if f is a continuous function
from a compact space (X, 7) into S? with the property that there are two distinct
points of $? which lie in the same component of $? — f(X), then f can be shrunk to a
constant function under a homotopy that does not have either of the two points in
its image. In the proof we use the following theorem.

THEOREM 9.6. Let a and b be distinct member of S$?, and let X = R? U {p} be the
one-point compactification of R’ Then there exists a homeomorphism

h: S — X such that h(a) = p and h(b) = (0, 0).
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Proof. Let hy: S2 — S? be a rotation of S? such that hy(a) = (0,0, 1). Then h, is a
homeomorphism. Define  hj: S — {(0, 0, 1)} = R? by hi(x;, x5, x3) = (1/(1 —
x3))(x1, x;). As seen in the proof of Theorem 8.27, h} is a homeomorphism. Define
hy: S — X by hy(x) = hj(x) if x € S — {(0, 0, 1)} and h,(0, 0, 1) = p. In Exercise 1
you are asked to show that h, is a homeomorphism. Let (b;, b,) = h,(h;(b)) and
define hj: R? — R? by hi(x,y) = (x — by, y — by). Then h} is a homeomorphism.
Define hs: X — X by h3(x) = hi(x) if x € R? and hs(p) = p. In Exercise 2 you
are asked to show that h; is a homeomorphism. Let h = hyoh, oh;. Then
h: $2 — X is a homeomorphism such that h(a) = h5(h,(0, 0, 1)) = h;(p) = p and
h(b) = h5((hy © hy)(b)) = hs(by, by) = (0,0). W

THEOREM 9.7. Let a and b be distinct members of S?, let (X, 7) be a compact
space, and let f: X — S? — {a, b} be a continuous function such that a and b lie in
the same component of S — f(X). Then f is inessential.

Proof. Let Y = R? U {p} be the one-point compactification of R?, and let h: $? =Y
be the homeomorphism given by Theorem 9.6. Then he f: X — R? — {(0, 0)} is a
continuous function such that (0,0) lies in the unbounded component of

— (h o f)(X). Suppose there is a continuous function H:X X I — R —{(0,0)}
and a member y, of R? — {(0, 0)} such that H(x, 0) = (h ¢ f)(x) and H(x, 1) = y, for
eachx € X. Thenh o H: X X I = §? — {q, b} is a continuous function such that
(h=" e H)(x,0) = f(x) and (h=' o H)(x, 1) = h™!(y,) for each x € X. Therefore in
order to prove the theorem, it is sufficient to show that if f: X — R? — {(0, 0)} is a
continuous function such that (0,0) lies in the unbounded component of R? — f(x),
then f is inessential.

Let f: X — R? — {(0, 0)} be a continuous function such that (0,0) lies in the
unbounded component of R? — f(X). Since (X, ) is compact, f(X) is a closed and
bounded subset of R. Let r be a positive number such that
f(X) CB={(x,y) € R: x4+ y> =1}, and letq € R? — B. Then (0,0) and q lie in
the same component of R? — f(X). Since R? is locally pathwise connected and
R? — f(X) is open, R? — f(X) is locally pathwise connected. Therefore the compo-
nents and path components of R? — f(X) are the same (Theorem 3.28). Hence there
is a path @ in R? — f(X) from (0, 0) to q. Define F: X X I — R? — {(0,0)} b
F(x,t) = f(x) — a(t). Then F is continuous, F(x,0) = f(x) — a(0) =
f(x) — (0,0) = f(x) and F(x, 1) = f(x) — a(1) = f(x) — q for each x € X. Note
that F(x, t) # (0, 0) for any (x, t) € X X I because a(I) N f(X) = . Now define
G:XXI=>R—{0,0)} by G(xt) =tf(x) —q. Then G is continuous,
G(x,0) = —qand G(x, 1) = f(x) — qfor each x € X. Note that G(x, t) # (0, 0) for
any (x,t) € X X I because tf(x) € Band q ¢ B. Thus, if & X — R? — {(0, 0)} is the
function defined by g(x) = f(x) — g, then F is a homotopy between f and g and G is
a homotopy between g and a constant map. Therefore f is homotopic to a constant
map, and hence it is inessential. Il
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EXERCISES 9.3

1. Show that the function h; defined in the proof of Theorem 9.6 is a homeo-
morphism.

2. Show that the function h; defined in the proof of Theorem 9.6 is a homeo-
morphism.

3. LetX=R?—={(—1,0),(1,0)} andlet A = {(x,y) e R:(x + 1)  +y? =1
or (x — 1)2 + y* = 1}. Prove that A is a deformation retract of X.

4. Let X=R!-{(—-1,0),(1,0)} and let B ={(xy) € R:x + y> =
4,0rx = 0and —2 = y =< 2}. Prove that A is a deformation retract of X.

5. Let A and B be the spaces defined in Exercises 3 and 4. Show that neither of
these spaces can be imbedded in the other.

9.4 The Jordan Curve Theorem

The purpose of this section is to prove the Jordan Curve Theorem. Camille Jordan
(1858-1922) proposed the problem (that is, the Jordan curve theorem) in 1892 by
pointing out that this intuitively obvious fact required proof, and consequently the
resulting theorem was named for him. It was, however, Oswald Veblen (1880-1960)
who published, in 1905, the first correct proof.

First we prove the Jordan Separation Theorem. Then we prove a nonseparation
theorem, and finally we prove the Jordan Curve Theorem.

Definition. An arc is a topological space that is homeomorphic to the unit interval
[0,1], and a simple closed curve is a topological space that is homeomorphic to the
unit circle S'. W

THEOREM 9.8 (The Jordan Separation Theorem). Let C be a simple closed curve
in S%. Then S? — C is not connected.

Proof. Since S? — C is an open subset of the locally pathwise connected space S, it
is locally pathwise connected. Therefore the components and path components of
S§? — C are the same (Theorem 3.28). Thus it is sufficient to assume that S — C is
pathwise connected and to reach a contradiction.

Since C is homeomorphic to the unit circle, there are arcs A and B such that
C=AUBand A N B = {a, b}, where a and b are the end points of A and B. Let
X = § — {a, b}. By Theorem 9.6, X is homeomorphic to R — {(0, 0)}. Therefore, by
Example 9 of Chapter 8, the fundamental group of X is isomorphic to the group of
integers.
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Let U=S"—AandV =S—B. Then U and V are open subsets of
X, UUV=X,andUNV =S5 —(AUB) =8 —C. Thus, by assumption,
U NV is pathwise connected. Let x, € U NV and consider the inclusion maps
i: (U, xp) = (X, xp) and j: (V, xp) = (X, xp). We show that these inclusion maps
induce zero homomorphisms i.: 7 (U, x9) = 7 (X, %) and j.: 7 (V, x) —
(X, x0). Let [a] € 71(U, x) and let o: I — S! be the continuous function defined
by o(x) = (cos 2mx, sin 27x). Define h:S!' — U as follows: Let h(1,0) =
xp.- Ify € S' — {(1,0)}, then there is a unique member x of I such that o(x) = y.
Let h(y) = a(x). Then h is a continuous function and h e o = a.

Consider the continuous function ie° h: S' = X. Now i(h(S!)) = h(S!) C U,
and A is an arc with end points a and b, and U N A = . Therefore a and b lie in
the same component of S? — i(h(S!)). By Theorem 9.7, i © h is inessential. Therefore,
by Theorem 9.2, (ich), is the zero homomorphism. Since i, ([a]) = [ica] =
[iehoo] = (ieh).([o]),i, is the zero homomorphism.

The preceding proof is equally applicable to U and V and hence j, is the zero
homomorphism. Therefore, by Theorem 8.26, (X, x,) is the trivial group. This is a
contradiction, so S? — C is not pathwise connected. Therefore S? — C is not con-
nected. l

Now our goal is to prove the Jordan Curve Theorem. First we prove three theo-
rems that we will use.

THEOREM 9.9. Let (X, ) be a topological space, let U, V, M, and N be open
subsets of X such that X =U UV, UNV =MUN,andM NN =, leta e M
andb € N, and suppose there exists a path a in U from atob, and a path
BinV from b to a. Then 7((X, a) is not the trivial group.

Proof. For each ne Z, let U, = U X {2n} and V, =V X {2n + 1}. Then let
Y= UnEZ(Un U vn)

U, = U X {2}

V, =V x {1}
Uy, = U X {0}

Vo, =Vx{-1

U*l =UX {_2}

Define a quotient space E of Y by making the following identifications:
For each x € M andn € Z, identify (x, 2n — 1) and (x, 2n).
For each x € Nandn e Z, identify (x, 2n) and (x, 2n + 1).
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U, and V, are “pasted together” at “points of N.”

U, and V are “pasted together” at “points of M.”
Up and V are “pasted together” at “points of N.”

Uy and V _; are “pasted together” at “points of M.”
U_, and V_; are “pasted together” at “points of N.”

Let m:Y — E be the quotient map. Define q:Y — X by g(x,n) = x for each
(x,n) € Y. For each (x,n) €Y, let [(x, n)] denote the member of E that contains
(x, n), and define p: E — X by p([(x, n)]) = x. Then q is continuous because it is a pro-
jection map, and p is continuous because E has the quotient topology. It is clear that p
is a surjection. We show that it is a covering map, but first we show that 7 is open.

Since Y is the union of disjoint open sets U, and V,, it is sufficient to show that
foreachn € Z, ’7T‘U“ and 77‘\/“ are open functions. Let S be an open subset of U,,. Then
S = W X {2n}, where W is open in U. Then

7 Y(m(S)) = 7 N (m(W X {2n}))
=(WX{2nh) U (WNN) X {2n + 1HU((WNM) X {2n — 1})

is the union of three open sets in Y. Therefore, by the definition of the quotient
topology, 7(S) is open in E. The same argument shows that the image under 7 of any
open subset of V, is open in E. Therefore 7 is open.

We show that p is a covering map by showing that the open sets U and V are
evenly covered by p. Note that for each integer n, w(U,,) is open in E since 7 is open.
Furthermore p~'(U) = |J,.z7(U,), and 7T|U maps U, onto 7(U,,). Thus 7T|U isa
homeomorphism because it is continuous, b1]ect1ve and open. Therefore p|,,(U ) is the
composite of the two homeomorphisms ( 7T|U L 7(U,) — U, and q‘ :U, - U.
Thus p|,T(U) is a homeomorphism, and hence U is evenly covered by p. "The same
argument shows that V is evenly covered by p. Therefore p is a covering map.

Finally we show that 77{(X, a) is not the trivial group by showing that a * S is not
path homotopic to the constant function e: I — X defined by e(t) = aforeacht € I.
Define a', B': 1 — E by a'(t) = w(a(t), 0) and B'(t) = 7(B(t), 1) for each t € I.
Since a'(1) = w(a(1),0) = m(b,0) = m(b, 1) = w(B(0),1) = B'(0),a’ =B’ is
defined. Furthermore pea’=a and poB’' =pB. Since (a’ *B')0) =
a'(0) = m(a(0), 0) = m(a,0), (a’ * B')(1) = B'(1) = w(B(1), 1) = ma, 1), and
7(a, 0) # m(a, 1) because a € M, a’ * B’ begins at one point and ends at another.
Therefore by Theorem 8.21, @ * B is not path homotopic to e. Therefore (X, a) is
not the trivial group. l

THEOREM 9.10. Let (X, 9) be a topological space, let U, V, M, N, and P be open
subsets of X suchthat X = U UV, UNV=MUNUP,andMNN=MNP=
NNP =, letae M,be N, andc € P, let @ be apath in U from a to b, let 8 be
apath in V from b to a, let 7y be a path in U from a to ¢, and let § be a path in V from
c to a. Then (X, a) is not isomorphic to the group of integers.
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Proof. Since UNV =MU (N UP)andM N (N U P) =, it follows from the
proof of Theorem 9.9 that [a * B] and [y * 8] are nonzero elements of (X, a). If
a1(X, a) were isomorphic to the group of integers, there would exist nonzero integers
m and n such that m[a * B] = n[y * 8]. We prove that the theorem by showing that
no such integers exist.

SinceUUV =(MUP)UNand (MU P) NN =, we can follow the con-
struction in the first part of the proof of Theorem 9.9 and obtain a space Y, a quotient
space E of Y, a quotient map 7: Y — E and a covering map p: E — X. Then we can
follow the construction of the unique liftings of 7y * § and @ * B in the last part of
the proof of Theorem 9.9 and see that every “multiple” of y * & lifts to a loop u" in E
while every nonzero “multiple” of a * B8 lifts to a path v' in E such that
v'(0) = u'(0) whereas v'(1) # u'(1) (see Exercise 1). Therefore by Theorem 8.21
there does not exist nonzero integers m and n such that m[a * B8] = n[y * 5]. B

If A is an arc in S%, then A is homeomorphic to the unit interval, so there are
arcs A; and A; such that A = A; U A, and A; N A, = {a}, where a is an end point
of A; and A,.

THEOREM 9.11. Let A, A, and A, be arcs in S? such that A = A{UA, and
A, N A, = {a}, where a is an end point of A; and A, and let ¢, d € S — A such that
c and d can be joined by a path in S — A, and a path in S — A,. Then c and d can
be joined by a path in $? — A.

Proof. Suppose ¢ and d cannot be joined by a path in S2 — A. Let X = $? — {a}, let
U=S*—A,, and let V=8 —A,. Then U and V are open, UUV =
(F—ADUEE-A)=S-(ANA)=8—{a=X, and UNV = (§ -
ADN(SE—A) =S — (AjUA,) = S — A. By our assumption that ¢ and d can-
not be joined by a path in S? — A, U N V is not pathwise connected. Let C be the
path component of U N V that contains cand let D = (U N'V) — C. Then D is the
union of the path components of U N V that do not contain c. Since U NV is open
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in S?, it is locally pathwise connected. Therefore the path components of U NV are
open (Theorem 3.26). Hence C and D are open in X. We are given that there is a
path in S? — A, from ¢ to d and a path in S? — A, from d to c. Thus by Theorem 9.9,
a1(X, ¢) is not the trivial group. This is a contradiction because X is homeomorphic
to R? and R? is simply connected. Il

THEOREM 9.12. Let A be an arc in S2. Then S? — A is pathwise connected.

Proof. Suppose there exist ¢, d € S — A that cannot be joined by a path in S? — A.
Let h: I = A be a homeomorphism, let A; = h([0, 3]) and let A, = h([, 1]). By The-
orem 9.11, we may assume that ¢ and d cannot be joined by a path in $? — A,. Let
Ay = h(B, %]) and A,, = h([%, 1]). By Theorem 9.11, either ¢ and d cannot be joined
by a path in S? — A,; or ¢ and d cannot be joined by a path in S — A,,. Continuing
in this manner, we obtain a sequence [0, 1] =1, D I, D I; D - of closed intervals
such that, for each i € N, ¢ and d cannot be joined by a path in S — h(I,) and the
length of I is 1/2"~1. Since I is compact, there exists ¢t € [ );nl; and since the
lengths of the intervals converge to 0, t is the only member of (1);cnl-

Since S? — {h(t)} is homeomorphic to R?, there is a path f in S? — {h(t)} such that
f(0) = ¢ and f(1) = d. Since h(t) = [;cnh(1), $* — ()} = Uien(S? — h(I)).
Since f(I) is compact, there exists a finite subcollection of {S* — h(I,): i € N}such that
f(I) is a subset of the union of the members of this finite subcollection. Since
ST —h(l,) C S* —h(l;»,) for each ie N, there exists n e N such that
f(I) C S* — h(I,). So f is a path in S — h(I,) from c to d. This is a contradiction. ll

THEOREM 9.13 (The Jordan Curve Theorem). Let C be a simple closed curve in
S2. Then $? — C has exactly two components C; and C,. Moreover C = C; —
C] = Cz—Cz.

Proof. Since C is homeomorphic to the unit circle, there are arcs A; and A, such
that C = A, U A, and A} N A, = {a;, ay}, where a; and a, are the end points of A,
and A,. Let X = § — {ay, a,}, let U = S — A}, and let V = S — A,. Then U and
Vareopen, X =UUVand U NV = § — C. By Theorem 9.8, S? — C has at least
two components. Suppose it has more than two components. Let M and N be two of
the components and let P = (S§2 — C) — (M U N). Since $? — C is open in S?, it is
locally pathwise connected. Therefore the components of S — C are open. Thus,
since P is the union of components, M, N, and P are open. Leta € M, let b € N,
and let ¢ € P. By Theorem 9.12, U and V are pathwise connected. Therefore there
is a path in U from a to b, a path in V from b to a, a path in U from a to ¢, and a path
in V from c to a. Thus, by Theorem 9.10, 7(X, a) is not isomorphic to the group of
integers. This is a contradiction because X is homeomorphic to R* — {(0, 0)}, and
the fundamental group of R? — {(0, 0)} is isomorphic to the group of integers. There-
fore S — C has exactly two components.

Let C; and C, denote the two components of $? — C.We know that C; and C,
are open in 82,50 C;,NC, =C, N C, =. Let x € C; — C;. Then x € C; but
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x ¢ C,. Since x € Cy, x ¢ C,. Therefore x € C and hence C, — C, CC. In the
same manner, we see that C, — C, C C.

Now let x € C, and let W be a neighborhood of x. Since C is homeomorphic to
the unit circle, there are arcs By and B; such that C = B; UB;, B; C W, and
B, N B, = {b}, by}, where b; and b, are the end points of B; and B,. Let p € C; and
q € C,. By Theorem 9.12, there is a path f in S — B, from p to q.

Now S$I=C,U(S*—C)U(C,—C),fDNC, #, and AI) N (S—
C,) # . Therefore f(I) N (C; — C;) # & because otherwise f(I) N C; and
f(I) N (S2 = Cy) would from a separation of the connected set f(I). Let
yef(l N (C, —C,). Since C;—C; CC,yeC. Since f(I)NB,=

&,y € B C W. Therefore y e W N (C; — C)), and hence x is a limit point of
C, — C,.But C; — Cy is closed, so x € C; — C,. Therefore C C C, — C,. In the
same manner, we can show that C C C; — C,. l

EXERCISES 9.4

1. Complete the proof of Theorem 9.10 by showing that every “multiple” of
v # & lifts to a loop in E and every nonzero “multiple” of o * g lifts to a path
that is not a loop.

2. Let A and B be closed connected subsets of S? such that A N B consists of
exactly two points. Prove that S — (A U B) is not connected.

3. Let A and B be closed connected subsets of S? such that S* — A and §? — B
are connected and A N B consists of exactly two points. Prove that
$? — (A U B) has exactly two components.

Let A be an arc in R%. Show that R* — A is connected.

5. Let C be a simple closed curve in R?.
(a) Show that R* — C has exactly two components C; and C,.
(b) Show thatC = C; — C, =C, — C,.






